THE SELF-LINKING NUMBER IN PLANAR OPEN BOOK 

DECOMPOSITIONS 



KEIKO KAWAMURO 

Abstract. We construct a Seifert surface for a given null-homologous 
transverse link in a contact manifold that is compatible with a pla- 
nar open book decomposition, then obtain a formula of the self-linking 
number. It extends Bennequin's self-linking formula for braids in the 
standard contact 3-sphere. 



1. Statement of the main theorem 
Let S = So,r be an oriented S 2 with r disks removed. See Figure [TJ We 




Figure 1. Surface S. 



call the boundary circles 71, • • • , 7 r , whose orientations are induced by that 
of S. Let oti C S (i = 1, • • • , r) be a circle parallel to % and disjoint form 
other otj. Let Ai € Mod(«S) denotes the positive Dehn twist about on. See 
Figure [2j Let d% (i = 2, • • • , r) be an arc from a point on ji to a point on 71 
with di and dj disjoint. For 2 < i < j < r, let ejj be an arc connecting 7, 
and 7j such that it intersects di+i, • • • , dj— 1, once for each of them in this 
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Figure 2. A positive Dehn twist A a about a. 

order. Let ajj be a loop surrounding 7$ Uejj U77, and Ay G Mod(S) be the 
positive Dehn twist about ay. One can see that the Ai j's are the standard 
generators of the pure braid group of (r — 1) strands, see [21 Lemma 1.8.2]. 

Since loops ah and ay do not intersect, the Dehn twists Ah and Ai j 
commute. Viewing A\ as a full twist of an (r — l)-stranded braid, A\ can 
be written as a product of Ay's. Let 4> '■ 5 — > 5 be a diffeomorphism fixing 
the boundary <95 point-wise. It is represented, up to isotopy, as a product 
of Ai and Ay: 

(1.1) <f> = (A nJi y< ■ ■ ■ (A iuJi yHA r ) k r ■ ■ ■ (A 2 ) k \ e 4 GZ\{0}, fc; £ Z, 

read from the right to left. Let M = Mig^\ be the closed 3-manifold admit- 
ting the open book decomposition (S,4>). Namely, M^ s ^ = 5 x [0, 1]/ ~ 
where "~" is an equivalence relation identifying (</>(a:),0) and (x, 1) for 
x € Int(5), and identifying (x,r) and (x, 1) for x G 95, r G [0, 1]. 

By Giroux's seminal work [7], there is a one to one correspondence be- 
tween contact 3-manifolds up to contact isotopy and open book decomposi- 
tions up to positive stabilizations. By we denote the contact structure 
on M(5^) corresponding to (5,0). 

Remark 1.1. In [SJ Theorem 1], Etnyre shows that any overtwisted contact 
structure is supported by a planar open book decomposition. 

A positively oriented transverse knot K in a contact 3-manifold (M, £) is 
an embedding of 5 1 such that at each point p G K, the contact plane £ p 
and -fT have positive transverse intersection. We say that transverse knots 
Kq and K\ are transversely isotopic, if there exists a smooth 1-parameter 
family Kt (0 < t < 1) of transverse knots in the ambient contact manifold. 

The self linking number is an invariant of null-homologous transverse 
links. For a given null-homologous transverse link K and the relative ho- 
mology class of a Seifert surface [S] G H2(M, K; Z), the self linking number 
sl(K, [£]) is an obstruction extending a nowhere vanishing smooth vector 
field {0 7^ v p C T p S fl^:p£ } over if to a nowhere vanishing vector field 
over X with values in £ p . See [U Def 3.5.28] for precise definition. 

In this paper we study the self linking number via braid theory. By a 
braid in open book decomposition (5, (ft), we mean a knot (or link) in M^g^ 
that intersects positively each page of the open book. Due to Bennequin 
P] (for the standard contact 3-sphere) and Pavelescu [10] (for general case), 
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we can identify a transverse knot in (M^^^rg^) up to transverse isotopy 
and a braid in (5, eft) up to braid isotopy and positive braid stabilization. 

Assumption 1.2. Let b be an n-stranded braid in an open book (S,4>). 
Applying braid isotopy, we may assume that the braid b intersects the page 
S x {1} in n points, x\, ■ ■ ■ ,x n , sitting between 71 and ot\ counterclockwise 
in this order. See Figure [TJ 

Next we define braid words <jj and pi, see Figure [TJ Consider an n- 
stranded trivial braid: Ur=i({ x *i x IP> i n 5* x [0, 1]- We denote the local 
half right twist of the i-th and (i + l)-th strands by fjj. Let pi (i = 2, ■ • ■ , r) 
denote the winding of the n-th strand once around the binding 7^ counter- 
clockwise. 

Proposition 1.3. Any n-stranded braid b in S x [0, 1] is represented by a 
braid word in {a±, • • • , <r n _i, P2, • • • , p r }- 

Proof. Let S* be the surface S with n marked points x±, ■ ■ ■ , x n . Let C(S, n) 
denote the configuration space of n distinct unordered points in S. The 
fundamental group iti(C(S, n)) is the n-stranded surface braid group of S. 
Recall the generalized Birman exact sequence [2], [51 Theorem 9.1]. 

1 — ► in(C(S,n)) V -^> Mod(5*) Mod(5) — »■ 1 

The map J-orget is forgetting the n marked points. Hence ker (.For get) = 
7Ti(C(S,n)) is generated by {cr l5 •• • , cr n _i, p 2 , • • • ,Pr}- □ 

We fix a braid word for a braid b and define a a to be the exponent sum 
of all the o"j's in the braid word. Also, for each j = 2, • • • ,r, let a Pj denote 
the exponent sum of pj in the braid word. 

By Etnyre-Ozbagci [3], the 1st homology group of Mrg ^ is 

(1.2) H 1 (M {S ^;Z) = ([ 72 },--- ,[ 7r ] | [d l ]-Mdi}=0, i = 2,---,r). 
Let tjj be integers such that 

r 

(1.3) [^]-<M^.] = J>j[7j] in Hi (5; Z). 

i=2 

If 6 is null-homologous in M, then there exist integers Sj such that 



r 



(1.4) ^ a Pj [ 7i ] = E in ff i( 5 5 Z). 

i=2 i=2 j=2 

Comparing the coefficients, we get 

r 

(1.5) a Pj =E Si 

i=2 

Here is our main theorem, which will be proved in Section [4j 
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Theorem 1.4. Let b be a null-homologous n-stranded oriented braid in an 
open book (S, </>). Let a a ,a Pj ,Sj,tij be integers as defined above. There is a 
Seifert surface ScM such that the self-linking number of the braid relative 
to the class [£] £ H2(M,b;Z) is computed as follows: 

r r 

(1.6) sl(b,m) = -n + a a + ^2a Pj (l - sj) - ^sj ^ t jA 

j=2 j = 2 2<i<r 

Remark 1.5. For a generic Mig^ with S planar, the formula (|1.6p is in- 
dependent of choice of homology classes by the following reason: Suppose 
[£], [£'] e H 2 (M,b;Z). We have aZ(6, [£]) - sZ(6, [£']) = -(e(£), P] - [£']), 
where e(£) € -ff 2 (M;Z) is the Euler class for the 2-plane bundle £ and 
[£] - [£'] € H 2 (M;Z) (see Proposition 3.5.30 of [6] for example). By 
Poincare duality along with (|l-2p . I|1.3|) . if the matrix {Uj} has the full 
rank, vk{tij} = r — 1, then the cohomology group H (Mrg^y, Z) is a torsion 
group. Hence (e(£), [S] - [S']) = 0. 

Remark 1.6. Theorem 11.41 is a generalization of Bennequin's work p], where 
he studied the case when S = <So,i = D 2 , eft = id and obtained that sl(b) = 
—n + a a . Recently, Pavelescu and the author investigated the cases when S 
is an annulus or a pair of pants in [8]. Our formula (|1.6p also extends their 
result. 

To state a corollary, we recall the stabilization of a braid in an open book 
decomposition. 

Definition 1.7. Let b be a closed braid in an open book (S,4>) (only in 
this definition, we do not require planar property of S). Suppose that A is 
a binding component of the open book and p € ((S x {9}) n b) is a point, 
see Figure O Join p and a point on A by an arc a C ((S x {0}) \ 6), which 
is allowed to have self-intersections. A positive (negative) stabilization of b 
about A along a is pulling a small braid segment containing p along a, then 
adding a positive (negative) kink about A at the end of a. 




Figure 3. The positive braid stabilization along a. 
The following is proved in Section SJ 



THE SELF-LINKING NUMBER IN PLANAR OPEN BOOK DECOMPOSITIONS 5 



Corollary 1.8. A braid in (S,cj>) and its negative braid stabilization are 
transversely non-isotopic. More precisely, their self linking numbers differ 
by 2. 

As for a positive braid stabilization, it preserves the transverse knot type 
of any braid (see [10], for example). In fact, a similar calculation in the 
proof of Corollary 11.81 verifies that our self-linking formula (jl.6p is invariant 
under a positive braid stabilization. 



2. Bennequin surface and 21-annulus 

Given a braid word for b in {<ti,--- ,a n -\, p2, ■ ■ - ,p r }, we construct a 
Seifert surface £ step by step. Our construction is a generalization of that 
in [8], where annulus and pants open book decompositions are studied. 

First, consider n copies of disks 5±, ■ ■ ■ ,5 n , whose centers are pierced by 
71 and the boundary d5i is the unknot braid ({xj} x [0, 1]/ ~) C Mrg^y See 
Figure HI Here the fact that 4> = id near 71 is essential. The orientation of 




Figure 4. <5-disks and twisted bands. 



5i is induced by the braid. The characteristic foliation on <5j has one positive 
elliptic singularity at the center. 

Second, for each o~i (resp. cr^ 1 ) in the braid word of b, we attach a 
positively (resp. negatively) twisted band between 5i and 5i + \. The char- 
acteristic foliation on the twisted band has one positive (resp. negative) 
hyperbolic singularity. 

If the braid word does not contain any pj then this surface is the desired 
Seifert surface, known as the Bennequin surface pQ. We call it E. 

2.1. Surface S 6 . 

In the following, we assume that the braid word contains pjS. Since careful 
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investigation of the characteristic foliation will be required later, here we 
orient the leaves of the characteristic foliation, cf. [Qj page 80]. Let F be an 
oriented surface in a contact manifold . For p £ F, a nonsingular point of a 
leaf L of the characteristic foliation, let n £ T p F be a positive normal vector 
to £ p . We choose a tangent vector v € T p L so that {v, n} is a positive basis 
of Tpi 7 . This vector field v determines the orientation of the leaf L. 

In Section [331 below, we will alter the contact structure in S x [0, e] so that 
we can glue S x {0} and S x {1} smoothly by the monodromy <j). However 
for the moment, we assume homogeneity of the characteristic foliation: 

Assumption 2.1. (1) Following Thurston- Winkelnkemper's idea [11], we 
may assume that each page S x {£} of the open book has the characteristic 
foliation as illustrated in Figure [5j The contact planes are positively tangent 
to the page along the dashed circle. All the hyperbolic points between the 
consecutive 7-circles have positive sign. The contact planes and bindings 
intersect positively. 

(2) The Dehn twist curves ctij are in the region enclosed by the dashed 
line. 

(3) By braid isotopy, we may assume that the braid segment for pj pro- 
jected to S x {1} is mostly inside the dashed circle and does not enclose the 
hyperbolic points between 7-circles. See Figure [5j 




Figure 5. The characteristic foliation on S. 



Now we introduce the 2l-annulus. 

Definition 2.2. (Annulus 21) For each pj (resp. pj 1 ) in the braid word of 
b we attach an oriented annulus, called an 21- annulus, to 5 n . See Figure [6l 
An 2l-annulus associated to pj (resp. pj 1 ) is called positive (resp. negative) 
and denoted by 2l + (resp. 2l~). The boundary consists of 
(A): a part of the braid representing pj (resp. pj 1 ), 
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braid 




Figure 6. (Left) the characteristic foliation on a positive 21- 
annulus in S x [0, 1] has a positive hyperbolic point. (Right) 
three 2l-annuli near binding jj. 



(B) : a part of the boundary of disk 5 n where the 2l-annulus is glued 
to, and 

(C) : a circle c in the page S x {0} once around jj. 

As sketched in Figure El an 2! + -annulus (resp. 2l _ ) has one positive (resp. 
negative) hyperbolic singularity in the characteristic foliation. Along part 
(A, C) (resp. (B)) of the boundary, the characteristic foliation is outward 
(resp. inward). Around each binding 7, {i = 2, • • • , r), the 2l-annuli are 
standing up disjointly and parpendicular to S x {0}. 

The orientation of the braid b induces the orientation of each 2l-annulus 
and its c-circle. If a c-circle is the boundary of a positive 2l-annulus (i.e., 
clockwise oriented), then we call it a positive c-circle. With this orientation, 
the algebraic count of the concentric c-circles around jj is equal to a Pj . 

We number the c-circles ci,c£, ••■ , around 7j (j = 2, • • • , r) from the 
innermost one. Suppose that ci,C2, • • • , c& have the same sign but c& and 
Cfc + i have opposite signs. We connect the two 2t-annuli associated to C& and 
Cfc+i by identifying c&, c^+i then round the corner. This operation does not 
create new singularities in the characteristic foliation. The orientations of 
the 2t-annuli match when they are glued. We push up the bottom of the 
glued 2t-annuli so they are contained in S x [e, 1]. 

Renumber the remaining c-circles c\ , C2 , ■ ■ ■ , to which we apply the same 
procedure above. After finitely many times, all the c-circles around jj have 
the same sign, and there are \a Pj \ of them. See Figure [71 We have obtained 
a smooth surface embedded in M(g^, which we denote by E&. Its oriented 
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Figure 7. Construction of T, b . 



boundary consists of the braid b and \a Pj \ copies of c-circles of sgn(a Pj ) 
around 7j for each j = 2, ■ ■ ■ ,r. 

3. Construction of Seifert surface £ 

In this section, we construct surfaces £o,£i,-"" , £; C S x [0,1] induc- 
tively from S{ copies of rectangle T>i (defined shortly) and £;, constructed in 
Section [2.11 About the integer Si we assume: 

Proposition 3.1. We may assume that Si > for i = 2, • • • ,r. 

The purpose of the assumption is that we want the surface £/ satisfying 

(sj copies of 4>{di)) C n (S x {0}) and (s, copies of di) C n (5 x {1}) 

for each i = 2, • • • , r, so that the arcs can be identified under the monodromy 
(j), which in Section 13.31 yields our desired Seifert surface £ for b. 

Proof. Recall that a positive braid-stabilization (Definition II. 7p about any 
binding component preserves the transverse isotopy class of the braid. 

As in Figure El put a point x n+ \ between 71 and ot\ on the left side of x n 
and put a point v between 7j and «j. We apply a positive braid stabilization 




Figure 8 
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about 7j to a small line segment of the ra-th strand of b along the arc k joining 
x n and v as depicted in FigureEl Now b is (n + l)-stranded, and the (n + 1)- 
th strand intersects the page S x {1} in the point v. Note that the stabilized 
braid does not satisfy Assumption ll.2l because v is away from 71. Using braid 
isotopy supported in S x [— e, e] we drag u back to x n+ \ along the dashed 
arc k' as in Figure so that Assumption 11.21 is satisfied. As a consequence, 
the dragging operation replaces the braid segment {v} x (1 — e, 1) with a 
copy of k' embedded in S x (1 — e, 1), and it also replaces {v} x (0, e) with 
a copy of 4>{k!) in S x (0, e). We denote the resulting braid by b + . In the 
homology group Hi(S x [— e, e];Z) = Hi(S; Z), we have 

(3.1) [b + \b] = [di]-Mdi]- 

Hence by (jl.3p and (jl.4p . the positive stabilization along k imposes an in- 
crease of Si by 1, whereas other Sj (j 7^ i) remain the same. 

Moreover, it turns out that the equality (|3.ip holds regardless of the choice 
of stabilization arc. Suppose that 1 (resp. 1') is another arc joining x n (resp. 
x n+ i) and v. Then 

[k U 0(-ac)] -[tU <t>{-i)\ = [k-l]- [4>(k - 1)] = in iJi(S; Z), 

since k — i is a closed curve and </>*[7j] = [jj] for any j = 2, • • • , r. 

Overall, after sufficiently many positive stabilizations about ji, Si becomes 
non-negative. □ 

Definition 3.2. (Rectangle T>) For j = 2, • • • ,r, we denote the rectangle 
cZj x [0,1] in 5 x [0,1] by Pj. We orient Vj so that 7-,- and Vj intersect 
positively. 

Recall that <j) = {A ildl f l ■ ■ ■ (A hdl ) ei (A r ) kr ■ ■ ■ (A 2 ) k2 where e { E Z \ 
{0}, ki e Z. Let 0o = (A r )^---(i 2 ) A:2 - For m = 1, ■ ■ ■ ,Z, define ^ m = 
(^im,jm) £m ^m-i inductively. In particular, fa = <j). 

3.1. Surface So. 

We cut open the surface £& C Mrg^ by the page 5 x {1}, and call it 
C 5 x [0, 1] using the same notation. 

If kja pj = for all j = 2, • • • ,r, then define an immersed surface So C 
S x [0, 1] by So := S^U (s2 copies of V^) U • • • U (s r copies of V r ). Recall that 
Proposition 13.11 guarantees Sj > 0. 

Suppose kjd Pj > for some j. Each Dj intersects every Sl^-annulus 
around jj transversely in a simple curve, whose one end sits on the p^- 
curve, a part of the braid b, and the other end sits on the page S x {0}. 
See the left sketches in Figure [U Consider the intersection curves between 
Sj copies of T>j and the Sj\kj\ innermost 2l-annuli around 7j. Cut them 
open along the intersections and re-glue so that the orientations of T>jS and 
2l-annuli match. See Figure El As a consequence, since the signs of kj, a Pj 
and the 2l-annuli are the same, each arc dj = T>j n (S x {0}) is replaced with 
0o (dj) = (Ajf (,lj). See Figure M 
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Figure 9. We cut along the intersection between a XV 
rectangle and 2l-annuli and re-glue so that the orientations 
match. 




Figure 10. After cut and re-glue operation, the arc dj is 
replaced by (Aj) k ^dj, where a Pj = 6,Sj = 2,kj = 2. The 
positive sides of the surfaces are indicated by "+" . 

Suppose kjd Pj < for some j. By braid isotopy, we deform braid from b 
KPj)~ kiS ' J '(Pj) kjSj ( rea d from the left to the right) 
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which introduces new 2\kj\sj innermost dummy 2l-annuli around jj. Apply 
the same cut and re-glue operations as in the above paragraph to Sj copies 
of Vj and the Sj\kj\ innermost 2l-annuli of sgn(kj) so that their orientations 
match when glueing. Because of the dummy 2l-annuli, the curve dj = Vj D 
(S x {0}) is replaced with 0o(4?) = (Aj) h i(dj). 

In either case, starting from Sj copies of Vj and Sb, we have obtained an 
immersed surface, So, in S x [0, 1]. The boundary of So consists of 

SSo = 6u((5iU---u5 n )n(5x{o}))u((,5 1 u---u5 n )n(Sx{i})) 

U {{d 2 U • • • U d r ) X {1}) U (M d 2 U • • • U d r ) X {0}) 

U (c-circles around 72, ■ ■ ■ , 7r)> 

here dj x {1} and 4>o(dj) x {0} mean the Sj copies of each. 

For later purpose, we investigate the characteristic foliations under the cut 
and re-glue operations. See Figure fTTT It is a local picture of self-intersection 




Figure 11. (1) A negative intersection p. (2) Creation of 
a negative hyperbolic singularity h by resolving the singular 
arc I. 



I of an oriented surface and its characteristic foliation. The boundary K is 
a transverse knot intersecting the surface at point p negatively. On we 
assume that there is no singularity in the characteristic foliation. Our cut 
and re-glue operation creates a hyperbolic singularity. The signs of the new 
hyperbolic points are determined in the following way: 

Proposition 3.3. [8, Proposition 3.8] Ifp is a positive (negative) transverse 
intersection of K and the surface, then the new hyperbolic point has positive 
(negative) sign. 

3.2. Surfaces Si,-- - ,S;. 

Suppose that we have constructed immersed surfaces So, • • • ,Sfc_i C S x 

[0, 1] satisfying: 

(3.2) 

S m n(5x {0}) = ((5iU- • -U5 n )n(5x {0})) U <f) m (d 2 U- ■ -Ud r ) U (c-circles). 
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Here (j> m (dj) means its Sj copies, because we started the construction of 
Eo from Sj copies of T>j. We deform £fc_i to obtain T, k by applying the 
following two kinds of surgery. 

(Surgery 1) Recall that <p k = (A iktjk ) ek (p k _ 1 . Suppose a C <pk-i(di k ) and 
a' C 4>k-i{dj k ) are sub-arcs which have geometric intersection 

'*"•"<- ,j k ) = i(a',a ikdk ) = 1 

and end at 7j fe and 7^ respectively. See Figure [T2]-(l). Note that there exist 
si k {sj k ) parallel copies of a (a') satisfying such conditions. 




nested T-tunnels 



Figure 12. [Surgery 1] (1) Arcs a, a' have geometric inter- 
section number 1 with ai k j k , where si k = 2,Sj k = 1. 

(2) On the page S x {0} we reserve (si k + s Jfe )|efc| many c- 
circles around each 7j fe and jj. , where e k = 1. The sign of 
the c-circles is sgn(ek). 

(3) Join 2t-annuli by disjointly nested (si k + Sj k )\e k \ many 
T-tunnels. The arcs a, a' are replaced by (A{ k j k Y k a and 

By inserting dummy 2l-annuli around 7i fe and/or jj k , if necessary, as we 
did in Section [33] we reserve the innermost (si k + Sj fc )|efe| many 2t-annuli 
around each 7j fe and jj k (Figure [12J- (2)), so that the sign of e k and the signs 
of these 2l-annuli coincide. We cut open the intersections of ^ k -i and these 
2l-annuli and re-glue as in Figure El There are (sj fe + Sj k ) 2 \e k \ intersection 
curves. Further, we connect (sj fc + Sj k )\e k \ many 2t-annuli around ji k and 
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(si k +Sj k )\ek \ many 2l-annuli around "fj k by disjointly nested tunnels from the 
outermost pairs. We call such tunnels T-tunnels. See the passage (2)=>(3) 
and (4, 5) in Figure LT2l Round the corners where the T-tunnels and the 21- 
annuli meeting. Orientation of the T-tunnel is induced by the orientation of 
the 2l-annuli. We observe that the arc a (resp. a') is replaced by (Ai k j k ) 6k a 
(resp. (A ikdk y*a'). 

Proposition 3.4. After perturbation, a T-tunnel has one hyperbolic sin- 
gularity in the characteristic foliation. The sign of the hyperbolic point is 
-sgn(e fc ). 

Proof. See Figure [131 Let p±, ■ ■ ■ ,p4 (resp. P5,pe) be points on a c-circle 
around ji k (resp. jj k ) which is engaged in Surgery 2. As sketched, we 




Figure 13. The characteristic foliation and contact planes 
on a T-tunnel (the corners should be rounded) has a hyper- 
bolic singularity. 

perturb the T-tunnel so that the heights above points P2 and p$ are shorter 
than the heights above p% and p§. By Assumption 12.11 it imposes the T- 
tunnel one hyperbolic point. The signs of both of the 2t-annuli are equal to 
the sign of e^. If sgn(efc) = +, then the negative side the T-tunnel is facing 
to us. Hence the sign of the hyperbolic point is negative. □ 

(Surgery 2) Let a C </>fc-i(^2 U • • • U d r ) C S x {0} be a sub-arc that has 
the geometric intersection number i(a,ai k j k ) = 2. See Figure [T4T(1). To 
each side of the arc a we add \ek\ many tunnels, called U- tunnels, embedded 
in 5 x [0, e] (e <C 1). Their feet do not touch the feet of T-tunnels of 
Surgery 1, and are contained in the arc (Ai k j k Y k a. See Figure [I4j- (2). Round 
the corners where the [/-tunnels and the original surface S/c_i meet. The 
orientations of the [/-tunnels are induced by that of Sfc-i- If arc a is already 
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FIGURE 14. [Surgery 2] (1) Sub-arc ainSx {0}. (2) Part 
of the [/-tunnels for a where e& = 2. 

a part of the feet of a [/-tunnel in then the new tunnel is dug lower 

than the existing tunnel. 

In general, since we have multiple of sub-arcs with i{a,ai k ,-,) = 2 we 
construct nested mutually disjoint [/-tunnels. See Figure [T5l 




Figure 15. Arcs (A ik j k Y k a and (A ik ,j k Y k a', where = 
1, form nested disjoint [/-tunnels, dark shaded and lightly 
shaded. 



Proposition 3.5. Up to small perturbation, each V -tunnel has one hy- 
perbolic singularity in the characteristic foliation. For each arc a with 
i(a,ai k j k ) = 2, the signs of the hyperbolic points on two U -tunnels are 
identical if and only if the U -tunnels are on the same side of a. 

Proof. By Assumption I2.U (2). the characteristic foliation near on kt j k is as 
sketched in Figure [TBI (1). Near the points where the characteristic foliation 
transversely intersects oti k j k (for example, points pi and p^), there are no 
singularities in the foliation of the U-tunnels as depicted in Figure [TBJ- (2). 

Let pi,P4 be the points where the leaves are tangent to ai k j k - We may 
assume that every arc a with i(a,oti k .j k ) = 2 separates p\ and p±. Each 
[/-tunnel contains a single hyperbolic point near p\ or p^ as sketched in 
Figure [TBI (3). Note that the positive normals to two [/-tunnels are pointing 
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Figure 16. (1) The characteristic foliation onSx {0} near 
OLi k j k . (2) [/-tunnel near p2 and p$. (3) [/-tunnel near p\ 
and p4. 



the same direction (outward or inward) if and only if the [/-tunnels locate 
in the same side of a. Hence the signs of two hyperbolic points are the same 
if and only if the associated [/-tunnels are located in the same side of a. □ 

The T-tunnels and [/-tunnels intersect in general. By small perturbation, 
if necessary, we may assume the intersection curves do not contain any 
singularities of the characteristic foliation. We resolve the intersections by 
the cut and re-glue operations so that the orientations match. Since the 
intersections are mutually disjoint simple closed curves, no new singular 
points would be created. 

Now we have obtained an immersed surface in S x [0, 1] that satisfies 
the boundary condition (I3.2p . Inductively, we construct immersed surfaces 
E ,£i," - ,Sj in S x [0,1]. 

We further deform to obtain an embedded surface: Since we have 
added numerous dummy 2l-annuli during Surgery 2, the boundary dT,i may 
contain c-circles. Following the algorithm described near Figure [7j we pair 
up two 2l-annuli of opposite signs and glue them along their c-circles. Since 
the algebraic count of such c-circle around each jj (j = 2, • • • ,r) is 0, we 
can remove all the c-circles of £/. Next, suppose 21. and 2t are a pair of 
2l-annuli glued along their c-circles. The intersections between 21, U 2t and 
T,i (or former 2?-rectangles) are arcs whose end points are on the braid b. 
We resolve each intersection by the cut and re-glue operation that creates 
two new hyperbolic points in the characteristic foliation. Since 21, and 2l 
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have opposite signs, Proposition 13.31 implies that the signs of the hyperbolic 
points are opposite. 

Finally the surface E; is embedded in S x [0, 1], whose boundary is 

<9E, = 6U((^U...U(5 n )n(Sx {0})) U ((Si U • • • U 5 n ) ri (S x {i})) 

((d 2 U • • • U dr) X {1}) U (4>(d 2 U • • • U dr) x {0}), 

here dj x {1} and <t>{dj) x {0} mean the Sj copies of each. 

3.3. Glueing E; by monodromy to obtain E. 

In order to obtain a desired Seifert surface E C Mrg^\ for the braid b, 
topologically it is enough to glue the boundary components of T,f, 

Si n (S X {0}) with Si n (5 x {1}) for i = 1, ■ ■ ■ , ?i, 
copies of (/>(<ij) x {0} with Sj copies of dj x {1} for j = 2, ■ ■ ■ , r. 

Note that near the bindings, the monodromy <j) is the identity map, hence 
5i n (5 x {1}) and 5i n (5 x {0}) can be identified under </>. 

The remaining task is to justify that the characteristic foliations near 
4>(dj) x {0} and dj x {1} smoothly match. To this end, we fix a small e > 
and by using braid isotopy we assume that E/ is "perpendicular" to the 
pages S x {t} (0 < t < e), i.e., letting t be the coordinate for [0,1], at 
any point p 6 (5 x [0, e]) n X/ away from the bindings, the vector (Jj) p is 
contained in the tangent plane T p E;. Let ao = (3 + Cdt denote the contact 
1-form on the page S x {0} away from the bindings, where j3 is a 1-form on 
S and C> 1. By the argument in [61 p. 152], away from the bindings, we 
may assume that 

• the contact form in S x [e, 1] is constantly u\ = (j)*(3 + Cdt, 

• on the page S x {se}, s G [0, 1], the contact form is 

a s := (l-s)/3 + s((/)*P) + Cdt. 

Now not only we can glue the boundaries of by using the monodromy <fi, 
but also the characteristic foliation is smoothly extended. Since a s (^) > 0, 
if p is a point in S x {se} away from the bindings, the contact plane £ p 
does not contain This shows that there are no singularities in the 

characteristic foliation on fl (Int(S) x [0,e]). 

4. Proof of Theorem 11.61 

Let K C (M, £) be a null-homologous transverse knot with a Seifert sur- 
face X. After small perturbation, we may assume that the characteristic 
foliation on E is of Morse-Smale type (see [61 Definition 4.6.8] for defini- 
tion). Let e + (e~) and h + (h~) represent the numbers of positive (negative) 
elliptic and positive (negative) hyperbolic singularities of the characteristic 
foliation. It is known (see [3] for example) that the self linking number of 
K relative to the homology class [E] 6 H2(M, K;Z) satisfies: 

(4.1) sl(K, [E]) = -(e+ - e~) + (h + - h~). 
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The next lemma investigates the entry tij of the monodromy matrix. 

= 2,--- ,r ; 

Y e m , if j > i, 



Lemma 4.1. For each i = 2, • • • , r, we have 



(4.2) 



(4.3) 



l<m<l 
(im,im) = (i,j) 



l<m<l 
„ (im,3m) = {j,i) 



ki + ^ ^ Cm — ki + ^ ] t 



l<m<! 
■m=' or j m =i 



2<j<r 
O^i 



In particular T is a symmetric matrix, i.e., tij = tjj. 

Proof. We orient circles cti and ctij counterclockwise. In Hi(M;Z) we have 
[aWml = + and N = For any 2 < i < j < r and 

2 < i' < f < r 

[ A ij( a i'd')l = [Aj (<*')] + [Ai( a i')] = M + = [oi'j'l- 
Hence by the description of <f> in for each z = 2, • • • , r, we have: 



[di] - 0* [di 



XT ,JJ ' ' ' A iZ+l J'm+l ( e ™ ai m Jm ) 

l<m<i 

e m[ a im,jm\ ~ k[(Xi] 

l<m<l 
i m —i or j m —i 

e ™ ( 1 + [Tim 1 ) + N • 



l<m<l 
im—i or j m —i 



Combining with (|1.3p it follows that 



Yl [Til = £ ™([T J + [7im]) + fc i hi. 



i=2 



l<m<! 
■m=' or j m =i 



Comparing the coefficients, we obtain (|4.2p and (|4.3p . 
Finally we are ready to prove the main theorem. 



□ 



Proof of Theorem \1.6[ We first investigate the algebraic count of hyperbolic 
singularities (h + — h~) on the Seifert surface £ that we have constructed in 
Section [3l 

• The twisted bands for the braid word of contribute a a . 

• Recall an 2l ± -annulus has one ± hyperbolic point, cf Figure[6l Hence 
2l-annuli contribute Tj =2 a Pj . 

• As Figure [TTI shows, the cut and re-glue operations during the course 
of constructing £ have created new hyperbolic singularities. The 
algebraic count of such hyperbolic points is equal to —Tj =2 s i a pj- 
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• By Proposition 13.41 the T-tunnels also contribute to hyperbolic sin- 
gularities (Figure [TBI . Using (14.2H . its algebraic count is: 

r r 
S j ^ ( — Cm) = — '^2 s j 

j = 2 l<m<l j=2 2<i<r 

im—j or j m =j i^j 

• By Proposition I3.5| the [/-tunnels do not contribute to the count. 
The total algebraic count of hyperbolic points is: 

r r 

h+ -h~ = a a + 5^(1 - Sj )a Pj - ^Sj ^ hi 

j=2 j = 2 2<i<r 

By Definition 13. 2| the intersection of Dj and the binding "fj (resp. 71) turns 
a positive (resp. negative) elliptic point in the final surface X. Since we 
have used Sj copies of Dj to construct £, 

e + = (n; 5-disks) + (s2 + • • • + s r ), 
eT = (s2 H \-s r ). 

By (|4.1|) the self- linking number is: 

r 

sl(b,m) = -(e + -e-) + {h + -h-) = -n + a a + ^2a Pj {l- Sj )- ^ t Ai 

j = 2 2<i<r 

This completes the proof of Theorem 11.61 □ 
Proof of Corollary A negative stabilization about the binding 71 changes: 

n 1— >• n + 1 
a a 1— > a a — 1 

which change the quantity of (|1.6|) by —2. A negative stabilization about 
the binding 7^, where k = 2, • • • , r, changes: 

?i i—> n + 1 

a CT >->• a CT - 1 + 2a Pfc (*) 

•Sfc •->• Sfc + 1 (by the proof of Proposition 13. ip 

a Pj ^ a Pj +tk,j (by (US}) 

The reason for (*) is the following. First, we subtract 1 from a a because 
of the negative kink due to the negative braid stabilization. A negative 
stabilization introduces a new (n + l)th strand. Let p', denote the positive 
winding of the (n + l)th strand around 7^. Let a n be the usual positive half 
twist of nth and (n + l)th strands. Then and p' k are related to each other 
by Pk = o- n p' k a n . This is the reason we need to add 2a Pk . 
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Plug the above values into (|1.6p and subtract the original (|1.6p . we have 
-{n + 1) + (a a - 1 + 2a Pk ) + £(a w + t kJ )(l - Sj ) 

+(°p fc +*fe,fe)(l -«fc - !) - X s ? ^*J>» ~ + ^X)*^ 

r r 

-n + a CT + a Pj . (1 - s^) - Sj t,- , 



i=2 



V 

-2 + 2a Ph +£i fcii (l-s j ) 



j = 2 2<i<r 



PA; 



-2 + a 



i=2 



-2 + a 



J=2 



where the second last equation follows by the symmetry of the matrix studied 
in Proposition 14.11 □ 

A positive braid stabilization induces the same changes in n,Sk,a Pj as 
above, but it changes a a to a a + 1 + 2a Pk . A similar calculation shows that 
our self-linking formula (jl.6p is invariant under a positive braid stabilization. 
Knowing that a positive stabilization preserves the transverse isotopy class 
of any braid, this observation justifies our main theorem. 
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